Abstract. In this paper, we solve the eigenvalues and eigenvectors problem with Bohr collective Hamiltonian for triaxial nuclei. The β-part of the collective potential is taken to be equal to Hulthén potential while the γ-part is defined by a new generalized potential obtained from a ring shaped one. Analytical expressions for spectra and wave functions are derived by means of a recent version of the asymptotic iteration method and the usual approximations. The calculated energies and B(E2) transition rates are compared with experimental data and the available theoretical results in the literature.
Introduction
The study of shape phase transitions in nuclei has recently attracted significant interest from both experimental and theoretical perspectives. Theoretically, the BohrMottelson collective model [1, 2] represents a sound framework to describe many properties of the collective quadrupole excited states in even-even nuclei. In this context, a number of analytical solutions of the Bohr Hamiltonian with different potentials model have been proposed [3] . On the other hand, this problem is related to the evolution of the concept of critical point symmetries. For example the E(5) [4] symmetry is designed to describe the second-order phase transition between spherical and γ-unstable nuclei, while the first-order phase transition between vibrational and axially symmetric prolate deformed rotational nuclei is described by the symmetry labeled by X(5) [5] . In both mentioned above critical points, special solutions of Bohr Hamiltonian have been developed with an infinite-well potential in the β collective variable, while the γ-part was assumed to be independent of the γ variable in the E(5) [4] symmetry case and having a minimum at γ = 0 in the X(5) [5] symmetry one. Another symmetries called Y(5) [6] and Z(5) [7] , which are associated with the transition from axial to triaxial shapes and from prolate to oblate shapes, respectively have been introduced. This article is devoted to the description of the triaxial nuclei. Indeed, in the intrinsic frame, the Bohr Hamiltonian is separated to β and γ parts. The potential in beta part consists of Hulthén potential [8, 9] plus a centrifugal term. While, the gamma-part is taken to be equal to a Send offprint requests to:
a Corresponding author : oulne@uca.ma new generalized potential derived from a Ring Shaped one [10] , with a minimum at γ = π/6. Due to this feature, we shall call the solution developed here Z(5)-H. Analytical expressions for the spectra and the corresponding wave functions are obtained by solving the relevant differential equation through a recent version of the Asymptotic Iteration Method (AIM) [11] . This method has proved to be a useful tool when dealing with physical problems involving Schrödinger type equations [10, 12, 13, 14] . The excited collective energies of nuclei and B(E2) transition rates are calculated and compared with the experimental data, as well as theoretical predictions of other models. Similar works already exist in the literature regarding the triaxial shapes with different potentials like Davidson [15] , sextic oscillator [16] and Morse potential [17] . Also the triaxiality was studied in the framework of the algebraic collective model [18] and in the model of Davydov-Chaban [19] in which the nucleus is rigid with respect to γ-vibrations. The paper has the following structure. In sections II and III, the analytical expressions for the energy levels and excited-state wave functions are presented, while the B(E2) transition probabilities are given in section IV. The numerical results for energy spectra and B(E2) are presented, discussed, and compared with experimental data and available other models in Section V. Finally, Section VI contains the conclusion.
Formulation of the model
The original collective Bohr Hamiltonian [1] is
Where β and γ are the usual collective coordinates, Q k are the components of angular momentum in the intrinsic frame, and B is the mass parameter. In order to achieve exact separation of the variables β and γ in Eq. (1), we choose the total wave functions in the form Ψ (β, γ, θ i ) = ξ(β)Φ(γ, θ i ), where θ i (i = 1, 2, 3) are the Euler angles, and we assume the potential in the convenient form as [17, 20, 21, 22, 23, 24 ]
Then, separation of variables leads to two equations : one depending only on the β variable and the other depending on the γ variable and the Euler angles :
where Λ is the separation constant and the following notations are used
As already mentioned, in the present work we use the Hulthén potential [8, 9] with a unit depth as in [25, 26] , expressed as
where δ = 1 a is a screening parameter with a is the range of the potential. For small values of β, the Hulthén potential is a short range potential which behaves like a Coulomb potential while it decreases exponentially for large values of β.
By inserting the function f (β) = β −2 ξ(β) in the radial equation (3) one obtains :
In the case of L = 0, the Schrödinger equation Eq. (7) cannot be solved analytically because of the centrifugal potential. So, in the absence of a rigorous solution of this equation, we can use an approximation which allows achieving this goal. For a small β deformation, which is the subject of our work, the centrifugal potential could be approximated by the following expression as in [27, 28, 29] 1
This approximation is also valid for small values of the screening parameter δ. Rewriting Eq. (7) by using the new variable y = e −δβ , we obtain
f (y) = 0 (9) In order to transform the differential equation Eq. (9) to a more compact, we use the following variables
So, the differential equation Eq. (9) becomes
f (y) = 0 (11) In order to apply the asymptotic iteration method Refs. [30, 31] , the reasonable physical wave function that we propose is as follows
For this form of the radial wave function, Eq. (11) reads
with
To find directly the energy eigenvalues of Eq. (13), we use the new generalized formula [11] which replaced the iterative calculations in the original AIM formulation [30] 
leading to the energy spectrum of the β equation
where n is the principal quantum number and Λ is the eigenvalues of the γ-vibrational plus rotational part of the Hamiltonian for triaxial nuclei. Our energy spectrum formula Eq. (16) is in agreement with the energy formula obtained in previous works Refs. [32, 33, 34] .
For δ << 1 and in the case of γ-unstable nuclei Λ = τ (τ + 3), our formula Eq. (16) reduces to
with τ is the seniority quantum number. This formula matches up with the energy spectrum Eq. (51) of Ref. [3] obtained with a Coulomb potential. Concerning Eq. (4) for the γ variable, we propose a new generalized potential inspired by a ring shaped potential [10] 
with c and s are free parameters. This potential reproduces several ones which are widely used in the literature, namely :
1. for p = 2 and q = 0 or p = 2 and s = 0, we obtain the periodic potential [35] 
with ̺ = c + s in the first case, and ̺ = c in the second one. 2. for p = 2, q = 1 and s = −c, we get
The expansion of this potential around γ = 0 gives
with c ′ = 9/4c and c ′′ = 1/2c. This Harmonic oscillator potential is widely used in the study of prolate nuclei [5, 36] . 3. for p = 0, q = 2 and c = 0, we get
This form is identical to the potential Eq. (12) used in Ref.
[37] 4. for p = 2 and q = 4
If we assume the parameters u 1 = 0, u 2 = −s and A/4 = c + s in the potential used in Ref. [38] , we obtain a similar formula to Eq. (23) which is suitable for prolate nuclei. A similarly general potential was already considered in Ref. [38] obtaining the spheroidal and Mathieu functions [39] as solutions for the γ equation. 5. for p = 2 and q = 2, we get
Such a potential has a minimum at γ = π/6. It is suitable for triaxial nuclei. Indeed, its expansion around γ = π/6 and for a small value of the parameter s in comparison with the parameter c, i.e. s/c << 1, we recover the Harmonic oscillator one with an additive constant which is also widely used in this case [7] 
with c ′ = 9 2 c. Inserting this form of the potential Eq. (24) in Eq. (4) one gets
From Eqs. (19) (20) (21) (22) (23) (24) , it can be seen that our generalized potential Eq. (18) is enough flexible such as to allow the description of γ-unstable, axially deformed and triaxial nuclei. As the potential is minimal at γ = π/6, we can substitute the expectation value of γ = γ 0 = π/6 in the expressions of the moments of inertia. So, one can write the rotational part of Eq. (1) in the form [40, 22] .
We can further separate the angular equation (26) by imposing
So, we get the following set of differential equations
The above equation has been solved by Meyer-ter-Vehn [41] with the results
where D(θ i ) denotes Wigner functions of the Euler angles
, L is the total angular momentum quantum number, while M and α are the quantum numbers of the projections of angular momentum on the laboratory fixed z-axis and the body-fixed x ′ -axis respectively.
In the literature about triaxial shapes, it is customary to insert the wobbling quantum number n w instead of α,
The eigenvalues of the γ−part are obtained from Eq. (29) .
To solve this equation through the AIM, we introduce a new variable z = cos(3γ) and we propose the following ansatz for the eigenvectors Γ (γ)
leading to
Applying the generalized formula of AIM given in Eq. (15), we derive the eigenvalues
where n γ is the quantum number related to γ-excitation.
As a result, we find,
In the standard case of γ−periodic potential, i.e. parameter s = 0 in Eq. (24) or Eq. (18), our formula Eq. (37) reduces to Λ = 9(n γ + √ c/3)(n γ + √ c/3 + 1) +Λ. This formula reproduces Eq. (15) in [35] .
The eigenfunctions corresponding to the eigenvalues Eq.(36) are obtained in terms of Legendre polynomials,
where N nγ is a normalization constant. The terms of Λ ′ Eq. (36) also appear in the energy expressions reported in Ref. [38] . Actually, this is not a surprise if we remind that the spheroidal functions can be written as a linear combination of the Legendre polynomials. On the other hand, we should note here that Eq. (37) differs from the corresponding expressions given in Ref. [38] by the last term. Also, the present solution is given for triaxial nuclei, while the previous ones [38] were proposed for prolate nuclei. The γ angular wave functions for triaxial nuclei can be written as,
To determine N nγ , we use the normalization condition
Using the usual orthogonality relation of the Legendre polynomials Eq. (12.111) of Ref. [42] , we get
3 Excited state wave functions
In our calculations, the total wave function is given by
The radial function f (β) corresponds to the eigenvectors of Eq. (7). The angular wave functions Γ (γ) of the γ−part are given by Eq. (39) and the symmetric eigenfunctions of the angular momentum are given by Eq. (32) . To obtain the radial eigenfunctions f (β) of Eq. (7), we use the general solution of AIM and the parametrization given in Eqs. (12)- (10) to solve Eq. (13) leading to
where N n is a normalization constant and 2 F 1 are hypergeometrical functions. To normalize the radial function χ n (y), we implement the connection between hypergeometric functions and Jacobi polynomials by means of Eq. (4.22.1) of Ref [43] . Hence we obtain the following wave function
with t = 1 − 2y is a new variable. N n is computed via the orthogonality relation of Jacobi polynomials
B(E2) Transition rates
Having the expression of the total wave function, one can easily compute the B(E2) transition rates. In the general case the quadrupole operator is defined as
where D
M,2 (θ i ) denotes the Wigner functions of Euler angles and t is a scale factor. For triaxial nuclei around γ ≈ π/6, the quadrupole operator becomes
The B(E2) transition rates from an initial to a final state are given by [44] 
In the calculation of the matrix elements of the quadrupole operator (49), the integral over γ is equal to the normalization condition of η(γ), the integral over the Euler angles is performed by means of the standard integrals of three Wigner functions [44] , while the integral over β has the form
The general expression for E2 transition probabilities is
The three Clebsch-Gordan coefficients (CGCs) appearing in the above equation are constrained by ∆α = ±2 transition rule. This equation is similar to those obtained in Refs. [7, 41] .
Numerical results
The Z(5)-H model presented in the previous sections has been applied for calculating the energies of the collective states and the reduced E2 transition probabilities for the 126,128,130,132,134 Xe and 192, 194, 196 P t isotopes. These isotopes have been chosen using the signature of the triaxial rigid rotor [45, 16] : Xe isotopes in our analysis. Whether this is a good decision or not, this will be decided through the comparison with the corresponding experimental data. Moreover, by studying the staggering behavior of the γ band for several nuclei in Ref. [46] , the 192 P t isotope was found to be a good candidate for triaxial shape. The Xe and P t isotopes were also analyzed in Refs. [37, 47, 48] using different approaches.
All bands (i.e. ground state, β and γ) are labelled by the quantum numbers, n, n w , n γ , L. As described in the framework of the rotation-vibration model [49] , the lowest bands for Z(5) are as follows :
1. The ground state band (gsb) is characterized by n = 0, n γ = 0,n w = 0, 2. The β band is characterized by n = 1,n γ = 0,n w = 0, 3. The γ band composed by the even L levels with n = 0,n γ = 0,n w = 2 and the odd L levels with n = 0,n γ = 0,n w = 1.
In this work the theoretical predictions for the levels Eq. (16) are treated equally, depending on three parameters, namely the screening parameter δ in the β potential and the ring-shape parameters c and s of the γ potential. These parameters are adjusted to reproduce the experimental data by applying a least-squares fitting procedure for each considered isotope. We evaluate the root mean square (rms) deviation between the theoretical values and the experimental data by
where m denotes the number of states, while E i (exp) and E i (th) represent the theoretical and experimental energies of the i th level, respectively. E(2 Table  1 . By comparison of Z(5) − H with Z(5) [7] , in Table 1 or in applications to the experimental data in Table 2 , it can be observed that Z(5) is applicable only for particular situations while Z(5) − H by varying its parameters one can cover almost an isotopic chain. Moreover, in Table 1 , we give the fitted parameters allowing to reproduce Z(5) [7] results. Consequently, for a better description of the experimental data or to enlarge the palette of applications, other more flexible potentials than the infinite square well are necessary. From Table1, one can see that the obtained values for the screening parameter δ are in concordance with the assumed approximation Eq. (8) . Also, we notice that the ratio s/c << 1 which corroborates the fact that the γ-vibrations are harmonic as it was mentioned above in the particular case 5/ of the generalized ring shaped potential Eq. (35) . Figures 1-5 show that the energy spectra of experimental data for 126,128,130,132,134 Xe isotopes are better described by our model Z(5)-H compared to Z(5). This can also be seen from the corresponding mean deviation given in Table 2 . Moreover, the excitation energy states for 192, 194, 196 P t isotopes are given in Figures 6-8 . We see that the obtained results for the levels belonging to the ground state, β, and γ-band are in a quite satisfactory agreement with experimental data. Analyzing the mean deviation given in Table 2 corresponding for each nucleus, we can see that the balance is clearly in favor of our proposed model, namely, Z(5)-H, compared with the results of Z(5) [7] and esM [17] .
Similarly, we have calculated the intraband and interband B(E2) transition rates, normalized to the B(E2; 2 + 0,0 -−→ 0 + 0,0 ) rate, using the same optimal values of the three parameters obtained from fitting the energy ratios. In Table 3 , we compare our theoretical calculations for 126, 128, 130, 132, 134 Xe isotopes with the available experimental data and the data from Z(5). One can see that our results are in general slightly higher than the experimental data, but in most cases quite near them. Indeed, the reduced E2 transition probabilities have not been taken into account in the fitting process. The numerical calculations for 192, 194, 196 P t isotopes are shown in Table 4 . The overall agreement is good for transitions within the ground state band with exception of the higher L levels. as well as for transitions between the γ even band to the gsb and the γ even band to the γ even .
An other sensitive signature for triaxiality structure, which has to be studied, is obviously the odd-even staggering of the level energies within the γ-band, described by the following quantity [50] : ). In Ref. [46] , it was shown that γ-soft shapes exhibit staggering with negative S(J) values at even-J and positive S(J) values at odd-J spins.
In Figure 9 we plotted the function S(J) for the nuclei considered here. As it is shown, all these nuclei in the present approach exhibit strong odd-even staggering than that observed experimentally. Moreover, the staggering of 192 P t and 194 P t isotopes is well reproduced by Z(5) − H and Z (5), while for the rest of the considered nuclei the agreement is not good. These results confirm the predictions from Ref. [46] . Therefore, the choice of 192 P t and 194 P t as good candidates for a triaxial deformation is supported by both signatures of the triaxial rigid rotor and the staggering of the γ-band, respectively, while for a part of the other considered nuclei only the former signature is satisfied.
From the theoretical spectra for the studied isotopes in our work, one can remark that the levels 6 + and 7 + as well as the higher levels have not a natural ordering. Such a behavior is also shown up in other related models such as Z(5) [7] , Z(4) [51] and Z(4)-Sextic [52] where it is indicated that this trend is also kept for higher states: 8 + being above 9 + and so on. Therefore, we can deduce that this reversal of the odd states with the even states in the γ band could be seen as a strong signature of these solutions and could serve as a test whether these models are realistic or not. Nevertheless, a question comes out : Why does this happen only for triaxial nuclei and not for prolate ones, for example ? The answer might be related to the fact that here the projection on the x-axis is a good quantum number and not on the z-axis as it is the case for prolate nuclei, and also with the fact that for prolate nuclei, the quantum number K is constant for each band (K = 0 for the ground and β bands and K = 2 for the γ band), while for triaxial nuclei, α plays an important role being equal to L in the ground and β bands and having different value in the γ band depending on the parity of L (even or odd). Indeed, in the γ band, α = L − 1 and α = L − 2 for odd and even states, respectively. Because of that, the rotational kinetic term of Eq. (37), starting with 6 + , contributes more to the even state energies than to the odd ones producing this reverse effect.
Conclusion
The main result of the present paper consists in the proposal of novel solution for the Bohr-Mottelson Hamiltonian for a triaxial nucleus, with a Hulthén potential for the β-part and a new proposed Ring-Shaped potential with a minimum at γ = π/6 for the γ-part. The solution called Z(5)-H, is achieved by means of the asymptotic iteration method (AIM), involving an approximation for the centrifugal term in the radial equation. We obtained analytical expressions for the energy spectra and the normalized radial eigenvectors formulated in terms of Jacobi polyno-mials, while the γ-angular eigenvectors are expressed in terms of Legendre polynomials. Table 1 , are compared with the experimental data [53] and those from Z(5) [7] for 130 Xe. Table 1 , are compared with the experimental data [53] and those from Z(5) [7] for 132 Xe. 
